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We show two discrete zero point theorems that are derived from Sperner’s lemma and
a Sperner-like theorem (van der Laan and Talman [Math. Oper. Res. (1982)] [5]; Freund
[Math. Oper. Res. (1986)]) [3]. Applications to economic and game models are also pre-
sented.
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1. Introduction
In this paper, we show two zero point theorems for a certain (meaningful) class of correspondences, one on the discrete
simplex and the other on the discrete simplotope (see Section 2 for the precise definitions). The two theorems are closely
related to the discrete fixed point theorem in [4] and its generalization [7,1,6], which all exploit some sort of ‘‘direction
preserving’’ condition. In this paper, we will use a new, weaker, ‘‘simplexwise’’ version of it, restricting the domains and
images of correspondences. The two discrete zero point theorems are, loosely speaking, the contrapositions of Sperner’s
lemma on the discrete simplex and of a Sperner-like theorem [5,3] on the discrete simplotope, respectively. As such,
they will also provide us with a combinatorial viewpoint for the existing types of discrete fixed or zero point theorems
[4,7,1,6]. We also believe that our class of correspondences is useful for applications, as a means to represent a field of price
adjustment, strategy adjustment, or something that has a flavor of vector fields.
In Section 2, we give some definitions and lemmas. Section 3 gives the theorems and Section 4 gives applications to
economic and game models.
2. Definitions and lemmas
Let Rd be the d-dimensional Euclidean space and Zd the set of its integer points. We denote by 0 a zero vector, x · y the
inner product of vectors x, y ∈ Rd, and conv X the convex hull of a set X ⊆ Rd. A (d − 1)-dimensional simplex is a set
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spanned by d affinely independent points. A triangulation T of a convex set S is a finite collection of simplices such that
(i) S = T∈T T , (ii) if T ′ is a face of T ∈ T then T ′ ∈ T , and (iii) for T1, T2 ∈ T with T1 ∩ T2 ≠ ∅, T1 ∩ T2 is a face of T1 and
T2. We call the 0-dimensional simplices in T the vertices of T . A triangulation is integral if its vertices are all integer points.
Let S = conv{me1, . . . ,med}, where m is a positive integer and ei are the ith unit vectors in Rd, i = 1, . . . , d, and let
S0 = S∩Zd. Then S admits a triangulation T such that S0 is the set of vertices of T and any (d−1)-dimensional subsimplex
conv{x1, . . . , xd} in T is given by x1 ∈ S0 and xt+1 = xt + eit+1 − eit ∈ S0, t = 1, . . . , d− 1, where (it | t = 1, . . . , d− 1)
is a permutation of (1, . . . , d− 1) (see [2]). We call this integral triangulation the standard triangulation of the simplex S. Let
λ: S0 → {1, . . . , d}, a labeling of S0. We let T 0 = T ∩ Zd for any T ∈ T .
Definition 2.1. A vertex x ∈ S0 is properly labeled by λ, if xi = 0 implies λ(x) ≠ i. A subsimplex T in T is completely labeled
by λ, if the set of labels of the vertices is {1, . . . , d}, i.e., if λ(T 0) = {1, . . . , d}, where λ(T 0) = {λ(x) | x ∈ T 0}.
Theorem 2.1 (Sperner’s Lemma). Let S0 be the set of vertices of the standard triangulation T of the simplex S. If every vertex in
S0 is properly labeled by λ, then there exists a (d− 1)-dimensional subsimplex in T completely labeled by λ.
Let S = S1× · · ·× Sn, where Si = conv{miei,1, . . . ,miei,di}with some positive integersmi and di, and the jth unit vectors
ei,j ∈ Rdi , j = 1, . . . , di, i = 1, . . . , n. The set S ⊂ Rd1+···+dn is called a simplotope and has dimensionni=1(di − 1). Let e˜i,j
be a unit vector in Rd1+···+dn , given by a concatenation of 0 in Rdk (k = 1, . . . , i−1), ei,j in Rdi , and 0 in Rdk (k = i+1, . . . , n),
in this order. We regard any x ∈ Rd1+···+dn as such a concatenation of n vectors, and denote the jth component of the ith
subvector of x by xi,j.
Let S0 = S ∩ Zd1+···+dn and d = 1+ni=1(di − 1). Then S admits a triangulation T such that S0 is the set of vertices of T
and any (d− 1)-dimensional subsimplex conv{x1, . . . , xd} in T is given by x1 ∈ S0 and xt+1 = xt + e˜it ,jt+1− e˜it ,jt ∈ S0, t =
1, . . . , d−1, where ((it , jt) | t = 1, . . . , d−1) is a permutation of ((1, 1), (1, 2), . . . , (1, d1−1); (2, 1), (2, 2), . . . , (2, d2−
1); · · · ; (n, 1), (n, 2), . . . , (n, dn−1)) (see [2]).We call this integral triangulation the standard triangulation of the simplotope
S. Let λi: S0 → {(i, 1), . . . , (i, di)}, a labeling of S0, i = 1, . . . , n. We let T 0 = T ∩ Zd1+···+dn for any T ∈ T .
Definition 2.2. Let i ∈ {1, . . . , n}. A vertex x ∈ S0 is properly labeled by λi, if xi,j = 0 implies λi(x) ≠ (i, j). A subsimplex T
in T is completely labeled by λi, if λi(T 0) = {(i, 1), . . . , (i, di)}, where λi(T 0) = {λi(x) | x ∈ T 0}.
Theorem 2.2 ([5,3]). Let L: S0 →ni=1{(i, 1), . . . , (i, di)} be a function. If every x in S0 is properly labeled by L in the sense that
xi,k = 0 implies L(x) ≠ (i, k), k = 1, . . . , di, i = 1, . . . , n, then there exists a (dj − 1)-dimensional subsimplex T in T such
that L(T 0) = {(j, 1), . . . , (j, dj)} for some j ∈ {1, . . . , n}.
Here xi,k is the kth component of the ith subvector of x ∈ S0. Note that we can construct the labeling L of this Sperner-like
theorem from an n-tuple of labelings (λ1, . . . , λn) by letting L(x) = λix(x)with some ix ∈ {1, . . . , n} for each x ∈ S0.
3. The main results
Let S = conv{me1, . . . ,med} and S0 the set of vertices of the standard triangulation T of S (S0 = S ∩ Zd). Following [7],
a function v: S0 → Zd is said to be (simplicially) locally gross direction preserving on T , if v(x) · v(x′) ≥ 0 for any x, x′ ∈ T 0
for any T ∈ T . The next claim is proved by using the results in [4,7,1,6] (or as a corollary to our Theorem 3.1).
If a function v: S0 → Zd such that v(x) = ejx − eix for each x ∈ S0 (ix, jx ∈ {1, . . . , d}, possibly ix = jx) is locally gross
direction preserving on T , then there exists an x ∈ S0 such that v(x) = 0 or x+ v(x) ∉ S0.
We slightly generalize this example to the case of correspondence (set-valued function), allowing the multiplicity of the
‘‘positive direction’’ ejx .
Definition 3.1. A correspondence ϕ: S0 →→ Zd is positive, if ϕ(x) ⊆ {ej − eix | j = 1, . . . , d} for each x ∈ S0, where
ix ∈ {1, . . . , d} is an index specific to each x. A positive ϕ is simplexwise direction preserving on T , if for each (d − 1)-
dimensional subsimplex T in T , there exists a family VT of v(x) ∈ ϕ(x) indexed by x ∈ T 0 such that v(x) · v(x′) ≥ 0 for any
x and x′ in T 0.
The simplexwise direction preserving property permits us to choose different v(x) ∈ ϕ(x) for different T ∋ x, if ϕ(x) has
more than one element. Note that a simplexwise direction preserving ϕ may not have a locally gross direction preserving
selection; in this sense it is more general than the latter one (see Fig. 1). Let us denote {x} + ϕ(x) by x+ ϕ(x).
Theorem 3.1. Let S0 be the set of vertices of the standard triangulation T of the simplex S. If ϕ: S0 →→ Zd is positive and
simplexwise direction preserving on T , then there exists an x ∈ S0 such that 0 ∈ ϕ(x) or x+ ϕ(x) ⊈ S0.
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Fig. 1. A l.g.d.p. function (left) and a s.w.d.p. correspondence having no l.g.d.p. selection (right) on the standard triangulation of conv{3e1, 3e2, 3e3} (the
arrows are 12 (e
i − ej)).
Proof. Define a function λϕ: S0 → {1, . . . , d, 0} by λϕ(x) = 0, if 0 ∈ ϕ(x), and λϕ(x) = ix, if 0 ∉ ϕ(x) and ϕ(x) ⊆ {ej − eix |
j = 1, . . . , d}, for each x ∈ S0. Then λϕ(T 0) ≠ {1, . . . , d} for every T ∈ T . To see this, suppose λϕ(T 0) = {1, . . . , d} for
some T ∈ T , and let xi ∈ T 0 be such that λϕ(xi) = i, i = 1, . . . , d. Then every v in ϕ(xi) is written as v = ej − ei for
some j ∈ {1, . . . , d} \ {i}. In particular, for each v = ej − e1 ∈ ϕ(x1), v · v′ < 0 for all v′ in ϕ(xj), since v′ is written as
v′ = eh − ej (h ∈ {1, . . . , d} \ {j}). This contradicts the simplexwise direction preservingness of ϕ, so λϕ(T 0) ≠ {1, . . . , d}
for every T ∈ T . Now, if λϕ(x) = 0 for some x ∈ S0, we have 0 ∈ ϕ(x). Otherwise λϕ is a labeling of S0 that incompletely
labels all T ∈ T . The contraposition of Sperner’s lemma then says that there exists an x ∈ S0 improperly labeled by λϕ , i.e.,
x such that xi = 0 and λϕ(x) = i for some i. Then we have x+ ϕ(x) ⊈ S0. 
Theorem 3.1 was deduced from Sperner’s lemma. In fact, we can deduce Sperner’s lemma from Theorem 3.1. Here is a
short proof. Assume that every T ∈ T is incompletely labeled by a λ: S0 → {1, . . . , d}. Then ϕλ: S0 →→ Zd defined by
ϕλ(x) = {ej− eλ(x) | j ≠ λ(x) (j = 1, . . . , d)} (|ϕλ(x)| = d− 1) is positive and simplexwise direction preserving, for we can
take VT = (v(x) = eµ(T ) − eλ(x) | x ∈ T 0) to let v(x) · v(x′) ≥ 0 for x and x′ in T 0, T ∈ T , where µ(T ) is a missing label of
T . Since there is no zero, there is x ∈ S0 such that x + ϕλ(x) ⊈ S0. Then xi = 0 and λ(x) = i for some i, which proves the
lemma.
Let Si = conv{miei,1, . . . ,miei,di}, i = 1, . . . , n, S = S1 × · · · × Sn, and let S0 be the set of vertices of the standard
triangulation of simplotope S (S0 = S∩Zd1+···+dn ). Let ϕi: S0 →→ Zdi , i = 1, . . . , n. The positive and simplexwise direction
preserving ϕi are similarly defined as follows. Let d = 1+ni=1(di − 1).
Definition 3.2. A correspondence ϕi: S0 →→ Zdi is positive, if ϕi(x) ⊆ {ei,k − ei,jx,i | k = 1, . . . , di} for each x ∈ S0, where
jx,i ∈ {1, . . . , di} is an index specific to each x and i. A positive ϕi is simplexwise direction preserving on T if, for each (d− 1)-
dimensional subsimplex T in T , there exists a family V iT of v
i(x) ∈ ϕi(x) indexed by x ∈ T 0, i.e., V iT = (vi(x) ∈ ϕi(x) | x ∈ T 0),
such that vi(x) · vi(x′) ≥ 0 for any x and x′ in T 0.
Theorem 3.2. Let S0 be the set of vertices of the standard triangulation T of the simplotope S. If ϕi: S0 →→ Zdi is positive and
simplexwise direction preserving on T for each i = 1, . . . , n, then, for ϕ: S0 →→ Zd1+···+dn defined by ϕ(x) = {(v1, . . . , vn) |
vi ∈ ϕi(x), i = 1, . . . , n}, there exists an x ∈ S0 such that 0 ∈ ϕ(x) or x+ ϕ(x) ⊈ S0.
Proof. Define a function λi
ϕi
: S0 → {(i, 1), . . . , (i, di), (i, 0)} by λiϕi(x) = (i, 0), if 0 ∈ ϕi(x), and λiϕi(x) = (i, jx,i), if 0 ∉ ϕi(x)
and ϕi(x) ⊆ {ei,k − ei,jx,i | k = 1, . . . , di}, for each x ∈ S0, i = 1, . . . , n. Then λiϕi(T 0) ⊉ {(i, 1), . . . , (i, di)} for every T ∈ T
due to the simplexwise direction preservingness of ϕi, for every i (the proof is similar to a part of proof of Theorem 3.1). If
λi
ϕi
(x) = (i, 0) for all i for some x ∈ S0 thenwe have 0 ∈ ϕ(x). Otherwise define a function Lϕ: S0 →ni=1{(i, 1), . . . , (i, di)}
by Lϕ(x) = λiϕi(x) for each x ∈ S0 with some i such that λiϕi(x) ≠ (i, 0). Then Lϕ is a labeling of the Sperner-like theorem
(Theorem 2.2), that incompletely labels all (di − 1)-dimensional T ∈ T for every i (since Lϕ(T 0) = {(i, 1), . . . , (i, di)} for
some (di − 1)-dimensional T ∈ T and i implies λiϕi(T 0) ⊇ {(i, 1), . . . , (i, di)} for some T ∈ T and i, a contradiction). The
contraposition of the Sperner-like theorem then says that there exists an x ∈ S0 improperly labeled by Lϕ , i.e., x such that
xi,j = 0 and λiϕi(x) = (i, j) for some i ∈ {1, . . . , n} and j ∈ {1, . . . , di}. Then we have x+ ϕ(x) ⊈ S0. 
4. Applications
(1) Walrasian equilibrium in integer prices
Let Zd+ be the nonnegative orthant of Zd and ζ : Zd+ \ {0} →→ Zd a nonempty-valued correspondence satisfying
(i) ζ (tp) = ζ (p), if p, tp ∈ Zd+ \ {0} (0-homogeneity), (ii) p · z ≤ 0 for all z ∈ ζ (p) and all p ∈ Zd+ \ {0} (weak Walras’s law),
and (iii) zi > 0, if z ∈ ζ (p) and pi = 0 (boundary condition). We call ζ an (aggregate) excess demand correspondence. By (i),
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the set S0 = S ∩ Zd with S = conv{me1, . . . ,med} is a natural subset of integer price vectors, for which we consider the
existence of a Walrasian equilibrium price vector p∗ ∈ S0 such that 0 ∈ ζ (p∗).
For p ∈ S0 such that pk > 0 for all k = 1, . . . , d, (ii) implies zi < 0 for at least one i ∈ {1, . . . , d}, if z ∈ ζ (p) and z ≠ 0,
so let λ(p) ∈ {1, . . . , d, 0} be such that zλ(p) < 0 for some z ∈ ζ (p), if 0 ∉ ζ (p); let λ(p) = 0, if 0 ∈ ζ (p). For p ∈ S0 such
that pk = 0 for some k, (iii) implies pi > 0, if z ∈ ζ (p) and zi ≤ 0, so let λ(p) ∈ {1, . . . , d} be such that zλ(p) ≤ 0 for some
z ∈ ζ (p), which exists due to (ii). The integer λ(p) represents a good whose price is to be lowered at p, if λ(p) ≠ 0. Let T be
the standard triangulation of the simplex S.
Proposition 4.1. Suppose that, for every (d− 1)-dimensional T ∈ T , the goods whose prices are to be lowered at the vertices of
T are not completely different in that λ(T 0) ⊉ {1, . . . , d}. Then there exists a Walrasian equilibrium price vector.
Proof. Let µ(T ) ∈ {1, . . . , d} \ λ(T 0) for each T ∈ T (note that λ(T 0) ⊉ {1, . . . , d}). Then ϕ: S0 →→ Zd defined by
ϕ(p) = {eµ(T ) − eλ(p) | T 0 contains p}, if λ(p) ≠ 0, and ϕ(p) = {0} otherwise, is a ‘‘price adjustment’’ correspondence that
is positive and simplexwise direction preserving. Also ϕ points inward at p ∈ S0 on the boundary of S due to the boundary
condition of ζ . Hence there exists a p∗ ∈ S0 such that 0 ∈ ϕ(p∗) by Theorem 3.1, which is a Walrasian equilibrium price
vector, since 0 ∈ ϕ(p∗) ⇐⇒ λ(p∗) = 0 ⇐⇒ 0 ∈ ζ (p∗). 
Intuitively, this says that a moderate transition of the field of price adjustment yields an equilibrium price vector.
Although the assumptions here are not in terms of primitives, the formulation of the problem in terms of integer prices
may be a natural and realistic one; it also enables us to have an exact solution, though an algorithm under the simplexwise
direction preserving condition is not known yet.
(2) Nash equilibrium in fractional mixed strategies
It is known that every finite n-person game has a Nash equilibrium point in mixed strategies. It is not known, however,
when it is obtained as an n-tuple of fractional mixed strategies (those consisting of the multiples of unit fractions that sum
to one). We address this issue here.
Let di > 1 be the number of pure strategies of player i, i = 1, . . . , n. We identify the kth unit vector ei,k
in Rdi with the kth pure strategy of player i. Then conv{ei,1, . . . , ei,di} is the set of (mixed) strategies of player i.
Given the payoff πi(e1,k1 , . . . , en,kn) ∈ R of player i for each pure strategy profile (e1,k1 , . . . , en,kn), the payoff Pi(s)
of player i for each strategy profile s = (s1, . . . , sn), sj ∈ conv{ej,1, . . . , ej,dj} for each j = 1, . . . , n, is Pi(s) =d1
k1=1 · · ·
dn
kn=1 s
1
k1
· · · snknπi(e1,k1 , . . . , en,kn). We denote by Pi(s \ t i) the payoff of player i when the strategy t i is used by
player i in the profile s. A strategy profile s∗ is a Nash equilibrium point, if Pi(s∗) ≥ Pi(s∗ \ t i) for all t i ∈ conv{ei,1, . . . , ei,di},
for all i = 1, . . . , n.
Let Si = conv{miei,1, . . . ,miei,di} with a positive integer mi, i = 1, . . . , n, and S = S1 × · · · × Sn. We call
S0 = S ∩ Zd1+···+dn the discretized strategy profile space and identify x = (x1, . . . , xn) ∈ S0 with the n-tuple
of fractional vectors of strategy s = (x1/m1, . . . , xn/mn), for which we put s = x/m, for short. Then Pi(x/m) =d1
k1=1 · · ·
dn
kn=1(x
1
k1
/m1) · · · (xnkn/mn)πi(e1,k1 , . . . , en,kn). If β i: S0 →→ Si ∩ Zdi is the best reply correspondence of player
i such that yi ∈ β i(x), if and only if Pi((x/m) \ (yi/mi)) ≥ Pi((x/m) \ (z i/mi)) for all z i ∈ Si ∩ Zdi , then convβ i(x) is a
nonempty face of Si. We say that a pure strategy ei,k is acceptable for player i at x, if miei,k is a vertex of convβ i(x). Define
β: S0 →→ S0 by β(x) = β1(x) × · · · × βn(x) for each x ∈ S0. A discretized strategy profile x∗ ∈ S0 becomes a Nash
equilibrium point if and only if x∗ ∈ β(x∗). Let T be the standard triangulation of the simplotope S, whose dimension is
d− 1 with d = 1+ni=1(di − 1).
Proposition 4.2. Suppose that, for each (d − 1)-dimensional T ∈ T , every player has a pure strategy acceptable for him at all
the vertices of T (specific to each T). Then there exists a Nash equilibrium point in the discretized strategy profile space.
Proof. For each (d − 1)-dimensional T ∈ T and player i = 1, . . . , n, let µi(T ) ∈ {(i, 1), . . . , (i, di)} be the index
of an acceptable pure strategy for i at T . For each x = (x1, . . . , xn) ∈ S0 and i = 1, . . . , n, let λi(x) = (i, k), if
there is a pure strategy ei,k unacceptable for i at x and xik > 0, and λ
i(x) = (i, 0) otherwise (i.e. if every unacceptable
pure strategy ei,k is already ‘‘dropped’’ in that xik = 0; λi(x) signifies a pure strategy to be dropped, if any). Note that
λi(x) = (i, 0) if and only if xi ∈ β i(x). Now, define a ‘‘strategy adjustment’’ correspondence ϕi: S0 →→ Zdi for each
player i by ϕi(x) = {0}, if λi(x) = (i, 0), and ϕi(x) = {eµi(T ) − eλi(x) | T ∋ x} otherwise. Then every ϕi is positive and
simplexwise direction preserving, and ϕ: S0 →→ S0 defined by ϕ(x) = ϕ1(x) × · · · × ϕn(x) for each x ∈ S0 satisfies
x+ ϕ(x) ⊆ S0. Hence there exists an x∗ ∈ S0 such that 0 ∈ ϕ(x∗) by Theorem 3.2, which is a Nash equilibrium point, since
0 ∈ ϕ(x∗) ⇐⇒ λi(x∗) = (i, 0) (∀i = 1, . . . , n) ⇐⇒ x∗ ∈ β(x∗). 
Again this says that a moderate transition of the field of strategy adjustment yields an equilibrium. This also shows a
sufficient condition for a mixed strategy equilibrium to have an intuitively appealing, frequency interpretation such as ‘‘use
A once, B twice, etc’’. (including the dominant strategy case). For example, see Fig. 2 of 2×2matrix form game, where there
is no pure strategy equilibrium but a strategy profile ((.5, .5), (.5, .5)) is an equilibrium point. Observe that the strategy
adjustment correspondences (depicted by the arrows) are simplexwise direction preserving on the standard triangulation
of the simplotope (transformed to a square).
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Fig. 2. A 2× 2 matrix form game having no pure strategy equilibrium (up). The numbers attached to the triangulation of simplotope withm1 = m2 = 2
(pictures below) are acceptable strategies for each vertex and a common acceptable strategy for each subsimplex.
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